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A theorem of D. Leonard, as it appears in Bannai and Ito (Benjamin-Cummings 
Lecture Note Series, No. 58, Menlo Park, Ca., 1984), says the intersection numbers 
of distance-regular graphs with the Q-polynomial property take seven possible 
forms, called 1, lA, 2,2A, 2B, 2C, and 3. In this paper we show the known list of 
examples of type 3 is complete. 6 1987 Academic Press, Inc. 
A theorem of D. Leonard, as it appears in Bannai and Ito [ 1, p. 2633, 
shows the intersection numbers of distance-regular graphs with the Q- 
polynomial property take seven possible forms, called 1, lA, 2, 2A, 2B, 2C, 
and 3. Qne would like to classify all the graphs of each type as part of a 
classification of all distance-regular graphs with large diameter. Several 
classes are already understood. Egawa [2] classified the graphs of type 2C. 
The present author classified those of type 2 with diameter d> 14 in [S], 
type 2A with d3 9 in [lo], and type 2B with d 3 3 in [ 111. Neumaier [6] 
independently classified the graphs of type 2A. In this paper we find all 
graphs of type 3 with d> 3. These are the P- and Q-polynomial schemes 
with q = - 1, in the language of Bannai and Ito [ 11. Let r= (X, E) be a 
finite, undirected, connected graph, without loops or multiple edges, with 
vertex set X and edge set E. Let 8 be the usual distance function on r, with 
maximal value denoted by the diamter d. We assume r is distance-regular 
with intersection numbers ci, aj, bi (0 d id d); that is for all i and all U, u E X 
with a(u, v) = i, there exists exactly ci, ai, and bi vertices adjacent u and a 
distance i- 1, i, and i + 1 from v, respectively. We set k = b, and note 
ci+a,+bi=k (O,<i<d). 
We classify the distance-regular graphs with the following property (see 
Bannai and Ito [ 1, p. 2711). 
DEFINITION 1. Let r be distance-regular with d> 3. We say r is 
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Q-polynomial of type 3 (or simply, of type 3), if there exists a sequence 
y0 = 1, y1 , y2 ,..., of the form 
yTi = 1 -fi, Y2i+l=Yl+fi f,Yl EKfZO, (1) 
where 
Note. Routine verification with y, = @T/S,* (0 < i < d) show the graphs 
of type 3 in Bannai and Ito [ 1, p. 2711 are type 3 by our definition. Lines 
(2)-(4) come from [l, p. 262, 3651. Lines (5) and (6) are from Terwilliger 
[7], upon applying (1). Equations (4)-(6) show all intersection numbers 
are determined by a,, a2, yl, f, and d. 
THEOREM 2. If r has type 3 then a, = a2 = ... = adpl =O, c2 62, 
czi = ic, , czi + , = ic, + 1, and either 
(i) ad = 0, c2 = 2, d is even, and r is the Hamming graph H(d, 2), 
(ii) ad=[(d+1)/2], c,=l, andris the Oddgraph Od+,, or 
(iii) ad= [(d + 1)/2], c2 = 2, and r is the antipodal quotient of 
H(2d+ 1,2). 
In particular the list of type 3 graphs in Bannai and Ito [ 1, p. 3001 is 
complete. 
Note. By Moon [S] and Enomoto [3] the graphs in (i)-(iii) are uni- 
quely determined by their intersection numbers, so it suffices to prove these 
parameters take the required form. 
Proof of the Theorem. We say a quadruple of vertices {w, x, y, z} in X 
is skew if a(w,x)=~Y(y,z)=l, 13(w,y)=a(x,y)=2, and a(w,z)= 
a(x, z) = 3, and claim such a configuration does not exist. To see this, let 
A,, Al,..., A, be the usual distance matrices for r, each with rows and 
columns indexed by X, where A jUV = 1 if a(u, v) = i, and Aiuo = 0 otherwise. 
Then by Bannai and Ito [l, p. 2041, (4) implies E=,ZyiAi (0 <i< d) 
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satisfies E2 = crE for some positive M E R. In particular E is positive semi- 
definite, so we view it as the Gramm matrix for a set {x*1x E X> of vectors 
in some Euclidean space V, (, ), where (x*,y*) =y, if 8(x, y)= i 
(x,YEX). If {w,x,y,z} were skew, set p=w*+x*-y*-z* and by (1) 
obtain (p,p)=4(1+y,-y,-y,)=O, forcing p=O. But then 
( y* -z*, p) = 2(y, - y3) = 0, contradicting (2). This proves the claim. We 
also note y1 # - 1, for otherwise U* = -v* for adjacent U, VEX, forcing 
U* = t* for U, t E X with a(u, t) = 2, making y2 = 1 and contradicting (2). 
Our next claim is that a, = 0, and in particular 
f(k-l)=k(l-yf). (7) 
To see this, assume a, # 0 and let U, v, w E X be mutually adjacent. Extend 
(u, v) to a path (u, v, x, y} where a(u, y) = 3, and note a( y, w) = 2, or else 
{u, w, x, y} is skew. Now d= 3, for otherwise there exists a vertex z E X 
adjacent y with 13(z, U) = 4, making (v, w, y, z> skew. Now a3 >O, since 
otherwise (4), (with i = 3 and cj = k) gives y1 = - 1 or y3 = 1, contradicting 
(2) or our remarks above. Since a3 > 0 pick t E X adjacent y with a(t, U) = 3. 
Now a(t,v)=a(t,w)=3, for if @t,p)=2 for some ~E{w,v} then 
( y, t, p, U} is skew, but now {u, w, y, t> is skew, so a, = 0. Settmg i = 1, 
cr = 1, and a, =0 in (4) now gives (7). 
We now claim a2 = 0. If not, we first note a, 3 c2, for pick u, v, w E X 
with a(u, v) = 1 and a(u, w) = a(v, w) = 2, and note a, =0 implies the a2 
vertices adjacent w and a distance 2 from v include the c2 vertices adjacent 
u and w. But by (4) we have c2 =k(l +yr) + a,(?,-7,)/J: Since (6) with 
i = 3 forces y4 - y3 = y2 - y3 -f> 0, th e a2 coefficient is greater than 1, so 
c2>a2, a contradiction 
By (5) and (6), a,, u2,...,adPI and ud(yd-yd+,) are now 0, so (4) 
reduces to 
i 
c2 i/2 if i is even 
c1= c,(i- 1)/2+ 1 ifiisodd(l<i<d). 
If ad= 0 then d is even, for otherwise (4) with i = d and cd= k implies yd = 1 
or y,,= -1. Assuming nothing about ad, we now have c2 ~2. To see this, 
note since a, = 0, Theorem 1 in Terwilliger [9] implies 
c2 b. Ci-1 
c2-1~&I$-l+-1+j-l 
(ldidd-1) 
when c2 > 2. If d > 4, this inequality reduces to c2 < 2 upon setting i = 3, 
c3 = c2 + 1 and b, = b, + 1, and if d = 3, then a3 # 0, so by Bannai and Ito 
[ 1, p. 2401, r has an antipodal double covering (with d= 7) to which we 
apply the above argument and again obtain c2 < 2. Now if ad= 0 then 
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c2 = 2, since c2 = 1 implies bd- 1 = 0, so (i) holds. If ad # 0 the equations 
Y~=Y~+~ and (7) imply k=c,d+l and ad=[(d+l)/2], giving (ii) or 
(iii). 1 
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